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Abstract: This paper investigates low-codimension degenerations of Del Pezzo 
surfaces. As an application we determine certain characteristic numbers of Del 
Pezzo surfaces. Finally, we analyze the relation between the enumerative ge- 
ometry of Del Pezzo surfaces and the Gromov-Witten invariants of the Hilbert 
scheme of conies in . 
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1 Introduction: 



This paper investigates the degenerations of Del Pezzo surfaces Dn embedded 
in by their anti-canonical bundle. Due to the vast number of possibilities, 
we restrict our attention to describing simple specializations of _D„. As an 
application we determine some characteristic numbers of Del Pezzo surfaces. 
Finally, we discuss the relation between these numbers and the Gromov-Witten 
invariants of the Hilbert scheme of conies. We work exclusively over the complex 
number field C. 

This is a sequel to TT where we studied the enumerative geometry of rational 
normal surface scrolls. Already in that case, to obtain recursive formulae for 
the number of surfaces incident to general linear spaces, we needed to impose 
strong non-degeneracy assumptions by requiring enough of the linear spaces to 
be points. The case of Del Pezzo surfaces is more complicated, but instructive 
to consider. The new features of this case can be summarized as follows: 

1. Reducible surfaces that are limits of one-parameter families of scrolls are 
again unions of scrolls. Del Pezzo surfaces exhibit a much larger variety 
of degenerations (§3). For example, a Del Pezzo surface can degenerate 
to a union of scrolls, a union of a Veronese surface and a scroll, a union 
of a Del Pezzo surface of lower degree and planes, a union of a rational 
cone and an elliptic cone. This partial list indicates that we cannot hope 
for a reasonable recursive formula for characteristic numbers of Del Pezzo 
surfaces via degeneration methods except in very special cases. 

2. The hyperplane sections of Del Pezzo surfaces are not rational, but elliptic 
curves. The case of genus one curves in is the last case where we have 
a firm understanding of the enumerative geometry of curves satisfying in- 
cidences with linear spaces (0). Consequently, the Del Pezzo surfaces lie 
at the perimeter of surfaces whose enumerative geometry we can analyze 
via degenerations. 

3. Unlike scrolls Del Pezzo surfaces can have non-trivial moduli. This often 
makes it challenging to recognize limits. 

An interesting observation resulting from our investigations is that degenera- 
tions of higher dimensional varieties exhibit qualitative behavior fundamentally 
different from that of curves. Degenerations of incidence and tangency condi- 
tions on curves with respect to linear spaces result in a closed system of enu- 
merative problems. The limits of curves again satisfy similar conditions. The 
limits of surfaces, on the other hand, can be subject to arbitrarily complicated 
conditions. Since degeneration arguments are prevalent in algebraic geometry, 
this crucial difference is important to note. 

We now sketch an outline of the paper. 
Notation. Let S* be the dual of the tautological bundle over G(2,N), the 
Grassmannian of planes in P^. Let denote P(Sym^S'*). is a projective 
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bundle over G{2,N). We can interpret it as the space of pairs of a plane and a 
conic in the plane. 

The limits. We produce a list of potential non-degenerate limits of that 
can occur in one-parameter families (§3) using a classical theorem of Del Pezzo 
and Nagata (§2.3), which classifies surfaces of degree n in P". We then exhibit 
families realizing the degenerations of relevant to our counting problems and 
we describe the limiting positions of geometrically significant curves. 

We use two techniques to construct families of Z>„ specializing to a given 
limit. We specialize the base points of the linear system of cubics on in var- 
ious ways to obtain classical constructions. More interestingly, since Del Pezzo 
surfaces £)„ are ruled by conies, we can interpret them as curves in . Let 
dn denote the cohomology class of a curve in arising from a one-parameter 
family of conies on D„. Given a potential limit surface, we can try to find a 
curve C of conies in the class d„ which sweeps it. If we can deform C to a curve 
of conies arising from a smooth D„, then we can conclude that the surface arises 
as a degeneration of 

Example. For instance, it takes ingenuity to find a specialization of the base 
points in order to obtain a family of £)„ (n < 8) degenerating to the projection 
of the rational scroll 82,71-2 from a point on the plane of a conic on S'2,„_2- 
However, it is easy to see that the curve of reducible conies consisting of a fiber 
line and the double line deforms to a curve of conies on £)„ (see §3). 

Characteristic numbers. By the characteristic number problem we mean the 
problem of computing the number of varieties of a given type that meet the 
'appropriate' number of linear spaces in general position. Classically charac- 
teristic numbers also allow tangency conditions; however, in this paper we will 
consider only incidence conditions. Using onr description of the degenerations 
of Dn we determine some characteristic numbers of and Z>4. Although most 
of these numbers can also be obtained by classical methods, our method has the 
advantage of circumventing tedious cohomology calculations and yields numbers 
of surfaces satisfying divisorial conditions, which are hard to obtain classically. 
We can also determine a few of the characteristic numbers of D^. However, for 
n > 6 and essentially for n = 5, the degenerations get too complicated for the 
method to terminate and give actual numbers. If instead we ask for the number 
of Dn containing a fixed degree n elliptic normal curve and satisfying incidences 
with linear spaces, then the degeneration method gives a few more answers for 
n = 5 and 6. I do not know of a classical method to compute these numbers 
when n > 4. 

The method. In order to count surfaces incident to various linear spaces, we 
degenerate the linear spaces one by one to a hyperplane H until we force any 
surface meeting them to become reducible. If we have enough point conditions to 
satisfy our non-degeneracy assumptions, we know the possible reducible surfaces 
that occur in the limit. We can hope to count surfaces by further breaking 
each of the pieces of the limit surface to obtain simpler surfaces. This hope 
is in general upset by the appearance of singular surfaces and more and more 
complicated conditions on hyperplane sections of the surfaces. However, the 
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method still works in many cases (see examples in §4) and with some effort 
should extend to more cases than covered here. 

Gromov-Witten invariants of X^. It is natural to ask for the relation 
between the cnumcrativc numbers for Z3„ and the Gromov-Witten invariants 
of X-^ . is not a convex variety (§2.2), i.e. there are maps / : ^ X^ 
for which /i^(P^, f*TxN) ^ 0. Its Kontsevich spaces of genus zero stable maps 
often have components of more than the expected dimension. 

When a variety V is homogeneous (in particular convex) , then the Gromov- 
Witten invariants count the number of curves that meet general subvarieties of 
V . However, when the variety is not convex, there can be virtual contributions to 
the Gromov-Witten invariants. It is usually a hard problem to decide when the 
Gromov-Witten invariants of a non-convex space are cnumcrativc. Gathmann 
| Ga| and Gottsche and Pandharipande |GP| discuss this problem for the blow- 
ups of and , respectively. 

In general the Gromov-Witten invariants of X^ for the class dn are not enu- 
merative (§6). However, we prove that the Gromov-Witten invariants involving 
incidences to linear spaces are enumerative when n = 3 and when n = 4 pro- 
vided that there are not any P'^s incident to all the linear spaces. As a corollary 
we compute some Gromov-Witten invariants oi X^ . 

Acknov^rledgements. It is a pleasure to thank Brendan Hassett, Giro Giliberto, 
Mihnea Popa, Jason Starr, Dan Avritzer and Maryam Mirzakhani for fruitful 
discussions. I am especially grateful to Ravi Vakil and my advisor Joe Harris for 
their ideas and invaluable suggestions during the course of this project. I would 
also like to thank Jun Li, the Stanford Mathmatics Department and especially 
Ravi Vakil for their hospitality. 

2 Preliminaries 

2.1 Del Pezzo surfaces 

In this subsection we discuss the basic geometry of Del Pezzo surfaces. For more 
details consult |Bi| Gh. 4, [HH] §1 Gh. 4 or Pr. Gh. 5. 

Del Pezzo surfaces are smooth complex surfaces with ample anti-canonical 
bundle -K. Except for P^ x P\ they can be realized as the blow-up of P in 
fewer than 9 points no three of which lie on a line and no six of which lie on a 
conic. To have a more uniform discussion we exclude P^ x P^. We denote Del 
Pezzo surfaces by £>„ where n is the degree of the anti-canonical bundle. 
Equivalently, £>„ is the blow-up of P^ in 9 — n general points pi. The anti- 
canonical series \—K\ on a Del Pezzo surface can be interpreted as the linear 
series of cubics on P^ having pi as base points, therefore 

h"{Dn,-K) = 10-n. 

We limit our discussion to Del Pezzo surfaces Z)„ embedded in P" by their 
anti-canonical bundle, i.e. to Dn with n > 3. 
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Geometric description. These surfaces display a rich geometry and often 
have nice determinantal descriptions. D3 is a cubic surface in P'^. D4 is the 
complete intersection of two quadric threefolds in P*. D5 is a fourfold hyperplane 
section of the Grassmannian G(l,4) imdcr its Pliickcr embedding. Df, is a two 
fold hyperplane section of the Segre embedding of P^ x P^ or it is the hyperplane 
section of the Segre embedding of P^ x P^ x P^ . Finally, Dq is the cubic Veronese 
embedding of P^ in P^. 

The Picard group of _D„ is isomorphic to generated by the classes 

H, the pull back of the hyperplane class from P^, and Ei, 1 < i < 9 — n, the 
exceptional divisors of the blow-up. The intersection pairing is 

= 1, H ■ Ei = 0, Ei ■ Ej = —Si J. 

In terms of these classes the anti-canonical class is — if = 3H — J2^Zi ^i- 

By Bertini's theorem a general hyperplane section of D„ is a smooth elliptic 

curve of degree n. These curves arc projectively normal. 

Curves on During the degenerations it is important to know the limits of 
lines, conies and hyperplane sections on On Dn the effective curve classes 
containing an irreducible curve of a given arithmetic genus g and degree d arc 
easy to determine. We can express the class of any curve as aH — Yl^i^i ^i^i- 
Since the surface is embedded by \—K\, the degree condition implies that 

9-n 

3a — hi = d. 
The genus formula translates to 

9-n 

- = 25 - 2 + rf. 

i=l 

Using the Cauchy-Schwarz inequlity 

(9-n \ 2 9-n 

we find the choices for a and then solve for the bi satisfying the two equations. In 
the rest of the paper we will use this scheme to determine curve classes without 
further mention. For the convenience of the reader we enumerate the classes of 
lines and conies on 

Lemma 2.1 On the Del Pezzo surfaees Dn (n>3) the classes of lines are Ei, 
1 < i < 9 -n, H - Ei - Ej, i ^ j and 2H - Ea - Eb - Ec- Ed- E^ where 
a, b, c, d, e are distinct, whenever these classes exist. 

Lemma 2.2 On the Del Pezzo surfaces Dn (n > 3) the classes of conies are 
H - E„ 2H-Ea-Eb-Ea- Ed, 3H - 2Ea - E^ - E^ - Ed - E^ - Ef where 
a, b, a, d, e, / are distinct, whenever these classes exist. 
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Moduli of Del Pezzo surfaces. The surfaces D3 and D4 have a four and 
two dimensional moduH space, respectively. We will not be concerned with the 
construction or properties of these moduli spaces. 

(s) 

Singular Del Pezzo surfaces. A singular Del Pezzo surface D n IS an irre- 

(s) 

ducible surface of degree n in P" which has isolated double points. D„ is also 
the image of the blow-up of in 9 — n points. Dn'^ arises when the points we 
blow up to obtain Z)„ become infinitely near, fail to be in general linear position 
or lie on a conic (when n = 3). 

(s) 

The list of the combinations of double points that occur on D„ ' is long. 
When n = 3, Bruce and Wall give a very nice description |BW| . The type and 
combination of the double points that occur on a cubic surface are all obtained 
by deleting vertices (and the edges adjacent to them) from the extended 
diagram. 




Q 



O 

Figure 1: The extended Eq diagram 

Conversely, every combination of Du Val singularities that arises by deleting 
vertices from the extended Eq diagram occurs on some cubic surface. 

Tangent planes to L)„ along curves. When studying limiting positions 
of hyperplane sections in one-parameter families of surfaces, it is essential to 
have estimates on the dimension of the space of hyperplanes tangent to the 
components of the limit surface along common curves. The dimension of the 
space of hyperplanes tangent to a smooth Z?„ C P" along a line is max(— 1, n — 
5). However, if the surface has a double point this estimate can change. For 
example, on a smooth D4 C P** there are not any hyperplanes tangent to the 
surface everywhere along a line; however, when the surface acquires an ordinary 
double point, there can be one. Consequently, one has to exercise caution to 
consider all possible singularities when giving estimates. For simplicity, we will 
often exclude singular surfaces from the discussion. 

The dimension of the space of Del Pezzo surfaces in P^. If we fix linear 
spaces A"' of dimension in general position such that 

^ (iV - 2 - fli) = N{n + 1) - n + 10, 

i 

then there will be finitely many smooth D„ meeting all the linear spaces by the 
following dimension count. 
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Lemma 2.3 The dimension of the locus in the Hilbert scheme whose general 
point corresponds to a smooth Dn in is 

N{n+1) - n + 10. 

Proof: Realize £)„ as the image of a map from the blow-up of P^ at 9 — n points 
by choosing + 1 sections in \—K\ and projectivizing. We need to add the 
dimension of the moduli space or subtract the dimension of the automorphism 
group which amounts to adding 10 — 2n. □ 

We will determine the number of Dn in some cases using degenerations. For 
future reference we recall the following well-known fact (see jV] §5). 

Lemma 2.4 The dimension of the component of the Hilbert scheme whose gen- 
eral point corresponds to a smooth elliptic curve of degree n + 1 spanning a P" 
in is 

{N ~n){n + l) + {n + l)^. 

Rational Scrolls. During the degenerations of D„ we will encounter rational 
surface scrolls. We refer the reader to IS] for a detailed discussion of their 
geometry. 

A rational normal scroll Sk.i is abstractly the Hirzebruch surface Fi-k em- 
bedded in p'^+'+i by the complete linear series e + lf, where e, / are the usual 
generators of the Picard group of Fi^k satisfying e'^ ^ k — I, = 0, e ■ f — 1. 
The classes e, / are the classes of the exceptional curve E and of a fiber F, 
respectively. The surface can be explicitly constructed by taking a rational 
normal k curve and a rational normal I curve with disjoint linear spans; choos- 
ing an isomorphism between the curves; and taking the union of lines joining 
corresponding points. 

We will refer to a curve class e + mf as a section class and to a curve 
class 2e -I- mf as a bisection class. Irreducible curves in section and bisection 
classes are sections and bisections of the projective bundle over P^, respectively. 
In addition to the cohomology calculations in §2 of [C], we will use 

h'iFrM2e+ir + 2)f))^[^,^^^^^J_^^^^^^^^^ [ 

which follows by considering the exact sequences 

^ OF,X'2e + mf) OpA'^e + (m + 1)/) ^ Of{2) ^ 
^ OfA^ + mf) OF,(2e + mf) Osim - 2r) 0. 

The Veronese surface. During the degenerations we will also encounter the 
Veronese surface, the image of P^ in P^ given by the complete linear system of 
conies. A central fact is that the Veronese surface together with the rational 
normal scrolls are the only non-degenerate irreducible surfaces of degree n — 1 
in P" p. 525). 
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2.2 The Geometry of the Space of Conies 

Since we will rely on the description of D„ as a curve of conies, we recall the 
basic facts about the Hilbert scheme of conies in P^. 

Let S* denote the dual of the tautological bundle on the Grassmannian 
G(2, TV) of planes in P^. Recah that was defined to be P{Sym^S*). Let 

TT-.X^^ G(2,iV) 

be the natural projection map. 

The Chow ring of X^ is generated by the pull-back of the classes on G(2, N) 
and the first chern class of the tautological bundle on X^ (.Ful 8.3.4). The 
Picard group has 2 generators which we can express in terms of geometric cycles. 
Let u be the class of conies which meet a fixed P^"^ (i.e. the pull-back of the 
hyperplane class of P^ by the natural morphism) and ij the class of conies 
whose planes meet a fixed P^~3 (jj^ore precisely, the first chern class of the 
tautological bundle on X^). The locus of reducible conies A, whose class we 
denote by S, is also a divisor. The intersection products below (see Table 1) 
imply that S = — Arj. 

Similarly, there are two natural curve classes on X^ . Let a be the class 
of conies that lie in a fixed plane and pass through 4 general points on the 
plane. Let b be the class of conies that are cut out on a fixed quadric surface 
by a pencil of hyperplanes. Each conic class contains a one-parameter family 
of disjoint conies on Dn, n ^ 9, so gives rise to a curve in X^ . For example, 
Ds gives rise to 27 rational curves in X^. Let dn denote the class in X^ of the 
curve of conies on Z?„ in a fixed cohomology class. Table 1 below implies that 

dn = (4 - n)a + {n- 2)5. 







V 


S 


a 


1 





3 


b 


2 


1 


2 


dn 


n 


n - 2 


8-n 



Table 1: Intersection Products 

For P e H^{X^,I.) let Mo,m(^^, /?) denote the Kontsevich space of stable 
maps in the class /3. In general the Kontsevich spaces of X^ can have com- 
ponents of larger than expected dimension. One of the simplest examples is 
Mofi{X^ , —da + db) for d > 1. Using the Euler sequence for the tangent bundle 
( |Ful| 3.2.11) one can check that the canonical bundle of X^ is given by 

KxN = -6lu + (7 - N)r). 

Hence, the expected dimension of A/o,o(-''^^, ~da + db) is 

dim X'^ + ci {X){-da + db) - 3 = Nd - d + 3N - A. 
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Take a cone C over a rational curve of degree d and a line I not necessarily 
contained in C, but meeting it at the vertex. The curve in X-^ whose points 
correspond to the union of I with a line of C has class —da + dh. The dimension 
of cone and line pairs is Nd + 3N — 5. So when d > 1, this provides us with a 
Kontsevich space of the "wrong" dimension. We will see more examples in §6. 
For future reference we note that the expected dimension of Mo^miX^ ,dn) is 

N{n+ 1) - n + 10 + m. 

When m — 0, this agrees with the dimension in Lemma 12.31 

2.3 The Classification of degree n surfaces in P". 

In this subsection we state the classification theorem for reduced, irreducible, 
non-degenerate surfaces of degree n in P". This is a classical theorem of Del 
Pezzo and Nagata whose proof can be found in |Na' . 

Theorem 2.5 An irreducible, reduced, non- degenerate surface of degree n in 
P" is one of the following: 

1. A projection to P" of a scroll of degree n in P"+-'^, 

2. A projection to P"* of the Veronese surface in 1?^ , 

3. A Del Pezzo surface, possibly with finitely many isolated double points, 
4-. The image of Fq or F2 in P* given by their anti- canonical map, 

5. A cone over an elliptic curve of degree n in P""-'^. 

3 The limits of Del Pezzo surfaces 

In this section we describe the non-degenerate surfaces in P" that can arise as 
limits of Dn- We appeal to the description of Z)„ as a curve in X". Since Dg 
does not contain any conies, we restrict the values of n to 3 < n < 8. 

3.1 Constraints on the Degenerations 

Notation. Let f : y ^ B he a flat family of surfaces in P^ over a smooth, 
connected curve. Let 60 £ ^ be a marked point and let 3^o denote the fiber of 
/ over bo- We assume that for points 6 ^ &o is a Del Pezzo surface We 
also assume that 3^0 spans a P" and its components are reduced. We preserve 
the notation we used in §2 for . 

Adjacent components. Let F be a reducible surface connected in codimen- 
sion 1. We refer to two components that share a common curve as adjacent 
components. The dual graph of the surface consists of a vertex for each irre- 
ducible component and an edge between adjacent ones. 

Lemma 3.1 is a surface of degree n whose components are ruled by lines or 
conies. There exists a connected subgraph containing all the vertices of its dual 
graph such that adjacent components .share a common line or conic. 
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Proof: Each D„ in the family gives rise to a collection of rational curves in X . 
After a finite base change totally ramified over &o, we can select a conic class on 
each surface away from 60. We denote the new family by y' ^ B' . This family 
induces a curve in the Kontsevich space of stable maps Mo,o(^^, rfn)- The limit 
of the family in Mo,o(-^''^, dn) is a map from a tree of rational curves to X'^ . 
The restriction of the universal curve over X^ to the family of curves maps to 
giving rise to a family of surfaces which agrees with y' except possibly over 
6g. There is a scheme structure on the limit surface which makes the family 
flat. Since over a smooth curve there is a unique way to complete a family to 
a flat family, this family agrees with our original family. We conclude that the 
components of 3^o are ruled by conies or lines. The last assertion is clear. □ 

Proposition 3.2 Each component of yo is one of the following: 

1. A Veronese surface in or a non- degenerate scroll of degree k in P'^'^"'^, 

2. A projection of one of the surfaces in 1 to a surface with a double line in 
a one dimensional lower projective space, 

3. A cone over an elliptic curve of degree k in P*^'^^ , or 

4-. A Del Pezzo surface _D„, possibly with isolated double points. 

Proof: If 3^0 is irreducible, then it is a non-degenerate surface of degree n in 
P". 3^0 cannot be the anti-canonical image of Fq or F2 since these surfaces do 
not contain any lines. The flat limit of the lines in the family of would be 
a line. Similarly, 3^o cannot be the projection of a rational scroll or Veronese 
surface with isolated singularities. The hyperplane section of such a surface has 
arithmetic genus instead of 1. By Theorem 12. 51 we conclude that yo is one of 
the surfaces in cases 2, 3 or 4. 

Two components. Suppose J^o has two irreducible components W and Z of 
degrees dw and dz- By Lemma IXT1 thev share a line or a conic. 

Suppose W and Z meet in a conic (possibly reducible or non-reduced). 
Then the linear spaces they span contain a common plane, so their total span 
is at most P'^y+'^z ^ -y^g conclude that the surfaces must be minimal degree 
surfaces, so they are one of the surfaces in case 1. Since the Veronese surface 
does not contain any lines, at most one of the surfaces can be a Veronese surface. 
Therefore, the surfaces are either two scrolls meeting along a conic or a Veronese 
and a scroll meeting along a conic. 

Suppose W and Z meet along a line. If both of the surfaces are minimal 
degree surfaces and meet generically transversely along the line, then their union 
cannot be a limit of Del Pezzo surfaces since their hyperplane sections have 
arithmetic genus instead of 1. It is possible for two rational cones tangent 
along a line to be a limit of Z?„, but this is included in the previous case. 

We can, therefore, assume that W spans only a P'*"'. Z must span a P'^z+i 
and meet W along the line generically transversely. Since a Veronese surface 
does not contain any lines, Z is a rational normal scroll. Theorem 12.51 implies 
that is a Del Pezzo surface possibly with finitely many double points, a cone 
over an elliptic curve or the projection of a scroll or a Veronese. Moreover, if W 
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is the projection of a scroll or the Veronese, it must have a double line because 
otherwise a general hyperplane section would have arithmetic genus 0. 
Further constraints. If is a Del Pezzo surface and Z is not a plane, then 
both W and Z must be singular. Suppose to the contrary that is a smooth 
Dfe and Z is a scroll of degree greater than 1 meeting it in a line Ic- The limit 
of a curve of conies on Z>„ is a connected curve of conies on 3^o- Since W and 
Z do not have a conic in common, W is not ruled by lines and the double of Ic 
is not a conic class on W ^ the conies on must consist of a curve of conies on 
W union a curve of lines on Z together with a fixed line Ip onW intersecting 
each line on Z . Hcnc;c!, Z must be a cone. The fixed line Ip cannot be Iq, so the 
conic class on W is the conic class [ii?] + [Zc]- The intersection of the variety of 
reducible conies with this curve has more than 8 — n isolated points (see table 
in §2), hence the curve cannot be deformed to a smooth curve in the class rf„. 
We conclude that W is also singular. Furthermore, the same argument shows 
that as the degree of the scroll increases, the residual Del Pezzo surface is forced 
to have worse singularities. For example, if Z?„ breaks into a cubic cone union 
Z)„_3, then £)„_3 must have a singularity worse than an ordinary double point. 
Using the list of singularities and the number of lines on the singular surfaces 
it is not too hard to make a list of possibilities. 

Remark. In case W is not D-^ or the previous constraint follows by an 
elementary dimension count. However, since D-^ and £'4 have moduli the di- 
mension count only shows that W cannot be a general smooth £>3 or Da- 

By a similar argument if is a cone over an elliptic curve, then Z is a ra- 
tional cone with matching vertex. The limit curve of conies has to be reducible. 
One component of the curve must consist of line pairs on W joining the points 
identified by the hyperelliptic involution on the elliptic curve. The other com- 
ponent must consist of a fixed line in W union lines in Z. The claim follows. 

More components. Now we allow 3^o to have more than two components. 
Observation. If a subsurface S of yo of degree d spans exactly P'', then all 
the remaining components are minimal degree scrolls meeting the components 
adjacent to them in lines. The components adjacent to S need to be attached 
to S along at least a line. To have the resulting surface be non-degenerate, the 
surface we attach must have maximal possible span for its degree and meet at 
most one of the components of 5 in a line. The observation follows by induction. 

• Suppose 3^0 contains three components C/, of degree pairwise meeting in 
distinct curves. Ui spans at most P''<+^. The three components together span 
at most a linear space of dimension dj with equality if and only if each of 
the surfaces have maximal span and their common curves are concurrent lines. 
By the observation we conclude that each component is a scroll and the Ui each 
contain a pair of intersecting lines. 

• Suppose 3^0 contains two components meeting in a conic, possibly reducible 
or non-reduced. Then the two components are either two scrolls meeting along 
a conic or a Veronese surface and a scroll meeting along a conic. By the obser- 
vation all the other components must be scrolls. 
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• We can assume that all components of J^o meet pairwise in lines and no three 
components meet pairwise in distinct curves. Suppose one of the components 
U of degree d spans P''. By Theorem 12.51 and the argument given for the case 
when 3^0 has two components, U is the projection of a Veronese surface or a 
rational scroll with a double line, a cone over an elliptic normal curve or a Del 
Pezzo surface possibly with finitely many singularities. By the observation all 
the other components are scrolls. By an argument similar to the two component 
case we can deduce that if y is a smooth Del Pezzo surface then all the adjacent 
scrolls are planes and they are joined to V along non-intersecting lines. In case 
V is & cone over an elliptic normal curve, the adjacent components are rational 
cones whose vertices coincide with the vertex of V. 

• Finally, we can assume that all the components are rational scrolls meeting 
pairwise in lines. The hyperplane sections of the surface ought to have arithmetic 
genus 1. This concludes the description of the components. □ 

Corollary 3.3 1. At most one component of is a Veronese surface. If 
a component is a Veronese surface, all other components are rational normal 
scrolls. 

2. If a component U of yo of degree d spans only P"*, then all the other 
components are rational normal scrolls. If U is a smooth Del Pezzo surface or 
a cone over an elliptic normal curve, the scrolls have to satisfy the constraints 
described in the proof of Proposition 

3.2 Explicit Families Realizing the Degenerations 

One might hope that few of the surfaces described in Proposition 13.21 actuallv 
occur as components of the limtis of Unfortunately this is not so. We now 
give examples of families realizing most of the irreducible or two-component 
possibilities listed in Proposition 13. 21 We assume n < 8 throughout. 

Notation. Let A denote a disk in C. Let oq G A denote a marked point in the 
disk. We denote sections of a family of varieties over A \yy Si. Finally, let Nx/y 
denote the normal bundle of X in F. 

I. The Del Pezzo surfaces with isolated double points all arise by specializing 
the base points of the linear system of cubics on P^. From this description one 
can determine the limits of the lines and conies. 

For example, to construct a family of cubic surfaces specializing to a cubic 
surface with four Ai singularities, take yl x P^ and 6 general sections Si which 
specialize to the intersection points of 4 lines U in the P^ over cq. Blow up the 
sections Si in A x P^. The dual of the relative dualizing sheaf restricted to each 
fiber embeds the fiber away form oq as a D-^ in P''. The image of the fiber over 
ao is a cubic surface with the required singularities. There are 9 lines on the 
limit surface: the image of the 6 exceptional divisors and the image of the three 
lines joining the pairs of points that do not lie on an li. The descriptions of 
conies is similar. 
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Lemma 3.4 Suppose C is a smooth rational curve in X" contained in the locus 
of reducible conies A. Suppose C does not intersect the locus of non-reduced 
conies and [C] ■ S > 0. Then C can be deformed away from A. 

Proof: C is contained in the smooth locus of A. Away from the locus of non- 
reduced conies A is a homogeneous variety and its tangent bundle is generated 
by global sections. Consequently, Nq/a is generated by global sections. Using 
the exact sequence 

^ Nc/A ^ ^c/X" ^ Oc{A) ^ 

and the assumption that [C] ■ 6 > 0, we conclude h^{C,Nc/x^) = and that 
H^{C, Nc/a) does not surject onto H^{C, Nc/x")- Hence, the first order defor- 
mations of C are unobstructed and a general first order deformation of C does 
not lie in A. The lemma follows. □ 

II. Degeneration of £)„ to a scroll with a double line. The projection of 
a scroll 5*1.2 or 82,1, I < 6, from a general point on the plane of a conic in the 
surface has the same Hilbert polynomial as a Del Pezzo surface. We will show 
that these surfaces are limits of Del Pezzo surfaces. These scrolls can be further 
degenerated to more unbalanced scrolls. 

The union of the double line with the fibers gives rise to a curve C of reducible 
conies in the Hilbert scheme X"- contained in the smooth locus of A. Since 
^ • [C] = 8 — n, we conclude by Lemma r^.4l that C can be deformed away from 
A. The resulting curve has the same class as a curve arising from a Del Pezzo 
surface. The surface in P" spanned by the conies is a non-degenerate, irreducible 
surface of degree n ruled by reduced and generically irreducible conies. Since 
the dimension of scrolls with a choice of curve of conies sweeping the surface 
once is smaller than the dimension of the deformations of C, by Theorem 12.51 
we conclude that the surface is D„ (recall n < 8). 

Alternative construction when n < 5. For concreteness assume n — 5. 
Take A x V"^ and specialize 4 general sections to the same point p on the 
central fiber. Blow up the total space at p, then along the proper transform of 
the sections s^. Denote the total space of the resulting threefold by X. The 
central fiber is the union of Fi with a blown up at 4 points. Denote these 
two components of the central fiber by F and P, respectively. Take the linear 
system which restricts to |e + 3/| on F and to 2L — J^t^i ™ where L is 
the line class on P^ and Ei are the exceptional divisors of the blow-ups. The 
linear series on the Fi component is not complete, but must match the linear 
series on P. The latter contracts the surface to a double line. This constructs 
the desired degeneration of D^. 

III. Degeneration of £)„ to a cone over an elliptic curve. Every surface 
degenerates to a cone over a hyperplane section (possibly with some embedded 
structure at the cone point) by taking the limit of a one parameter family of 
projective transformations fixing the hyperplane. Since the cone over an elliptic 
curve of degree n in P"~i has the same Hilbert polynomial as I?„ there are no 
embedded components in this case. By degenerating the elliptic curve which 
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is the base of the cone into an elhptic eurve with rational tails, one obtains 
degenerations of D„ into an elliptic cone union rational cones. 

IV. D4 degenerates to the projection of a Veronese surface with a 
double line. Both D4 and the Veronese surface with a double line are coniplete 

intersections of two quadric threefolds. Since a general complete intersection is 
a D4, to obtain such a degeneration it suffices to specialize the quadrics. 

To see that a Veronese surface with a double line is a complete intersection 
of quadric threefolds it suffices to observe that such a Veronese surface is given 
by the map 

(a;o,a;i,X2) {xl,xl,xl,xoXi,xoX2) 
in projective coordinates, hence two quadric threefolds c;ontain it. 

A degeneration of Dn into D4 union other surfaces meeting D4 along lines 
further degenerates to a surface where a component is a Veronese with a double 
line. 

V. Degeneration of D„ to Dn-i union a plane. In A x blow up 9 — n 
disjoint sections Pi{a) of A in general position. In the fiber over oq blow up a 
general point q. The fibers away from oq are the blow-up of at 9 — n points. 
The central fiber has two components: W, the blow-up of P^ at 10 — n points 
and Z, the exceptional divisor of the blow-up of q. Over the punctured disk 
A* = A — ao the dual of the relative dualizing sheaf is a line bundle. One of 
its flat limits restricts to the anti-canonical bundle on W and to Op2(l) on Z. 
This provides us with the desired family. 

The limit of the lines are the lines that do not intersect WnZ. The conies on 
the general fiber correspond to lines going through pi, conies passing through 4 
of the points pi or cubics double at one pi and passing through 5 of the other pj . 
We describe the limits of conies corresponding to the lines passing through pi. 
The others are analogous. In the limit this curve of conies has two components. 
One component corresponds to lines passing through pi(0) on W. The other 
component consists of the union of the line I joining pi (0) and q and a line in 
P^ meeting I. 

The limits of the hyperplane sections have three components. One compo- 
nent consists of elliptic curves of degree n on in the class 3H — Y^^=i ^Pi ■ 
One component consists of conies on Z and rational curves of degree n — 1 
meeting the conies twice on W. The last component corresponds to sections by 
hyperplanes that do not contain W or Z. 

Similar constructions give examples of degenerations of _D„ to Dn-k (with 
various singularities) union a rational cone of degree k. For example, (as B. 
Hassett pointed out) to obtain a degeneration of £>„ to Dn-2 with an Ai sin- 
gularity union a quadric cone with vertex at the singular point and having a 
common line with -D„_2, blow up the central fiber of ^ x P^ at a general point, 
then blow up a general line in the exceptional divisor. Call the exceptional di- 
visors of the blow-ups Ei and E2, respectively. Pick 9 — n general sections that 
specialize to the proper transform of the central fiber and blow them up. Denote 
the resulting three- fold by X. The linear series \—Kx — 2Ei — E2\, where Kx 
is the canonical bundle of X, gives the desired degeneration. 
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VI. Degenerations of D„ to a Veronese surface union a rational normal 
scroll meeting along a conic. The scroll must have degree n — 4 < 4. These 
scrolls each have at least a one parameter family of conies (possibly reducible). 

Consider a Veronese surface union a scroll So,i, Si^i or S'i_2- meeting along a 
conic. Choose 5, 3, 2 points on their common conies, respectively. Let Ci be the 
curve of conies that contain all but one of the points on the scroll. Let C2 be the 
curve of conies that contain the remaining point on the Veronese. This gives a 
reducible curve C = Ci U C2 in X" in the class d„. The normal bundle N(j./X" 
is generated by global sections. This is clear for C2 since it lies in a homogeneous 
locus and follows for Ci by Lemma [3. 41 after a simple specialization. The curve 
can be smoothed to an irreducible curve C in the same class. By Theorem 12. 51 
the surface S corresponding to C must be £>„. Note that the total space of the 
family is singular at points that define Ci. 

Alternative description when n — 5. Choose 4 general sections Pi{a) in 
A X that specialize to lie on a line I in the central fiber. Blow up A x F"^ 
along /, then blow up the proper transforms of Piia). The general fiber is the 
blow up of at 4 points. The central fiber is union the blow-up of Fi at 
4 points where the two surfaces are joined along I. The dual of the relative 
dualizing sheaf is a line bundle away from the central fiber. To obtain a map 
that extends to the central fiber we have to twist by the plane in the central 
fiber. The limit restricts to C'p2(2) on P^ and to OF^ (e + f - J2t=i ^i) the 
blow-up of Fi. The image is a Veronese surface union a plane. The total space 
of the image in AxF^ has 5 singular points. They correspond to the intersection 
points of I with the fibers of Fi that are blown down and with the curve in the 
class e + 2/ passing through the pi which is also blown down. The limits of the 
lines and conies are clear. 

VII. Degenerations of Dn to the union of two scrolls sharing a conic. 

D3S can specialize to the union of a plane and a quadric surface. D^s can 
specialize to the union of a plane and 5'i 2 or to the union of 2 quadric surfaces. 
D5 can specialize to the union of a plane and 6*2,2 or the union of the quadric 
surface and Si^2- Dq can specialize to the union of two Si^2, a quadric surface 
and an 5*2,2 or a plane and 5*2,5. ^7 can specialize to 5i.2 union 52,2, a quadric 
surface union 52.3, a plane and 62,4. Since further unbalanced scrolls are limits 
of balanced scrolls those also arise as limits. 

Take the curve in X" whose points correspond to incident line pairs one in 
each surface. In case one of the scrolls is P'^ take the lines on P^ containing a 
fixed point on the common conic. This curve smooths. When each of the scrolls 
have a fci > 1 parameter family of conies, the conies on each scroll passing 
through ki — 1 points on the common conic give a different curve which can be 
smoothed. 

In a general family arising in one of these ways, the limit of hyperplane 
sections have three components. Two of the components correspond to elliptic 
curves on 5/c.,;. of degree ki + li + 2 union kj + Ij — 2 fibers on 5^^,;^ meeting 
the elliptic curve. The third component corresponds to hyperplane sections by 
hyperplanes not containing either of the two components. Since for any choice 



14 



of points the curves can be smoothed in X", we can also conclude that every 
elliptic curve of degree ki + li + 2 occurs as the limit of some family. 

Ds. The arguments for the degenerations in I, III and V apply to verbatim. 
However, since the anti-canonical embedding of x is also a smooth degree 
8 surface in that contains a curve of conies in the class rfs, the arguments 
in II, VI and VII only show that one of the two surfaces degenerates to the 
potential limit. Giro Ciliberto pointed out to us that it is possible to modify 
the alternative construction in II using a Cremona transformation (3, 3, 3, 1) 
to obtain a degeneration of Ds to a scroll with a double line. In VI when we 
smooth the Veronese union 52,2 we obtain Ds since the limit surface does not 
contain two rulings by conies where a conic from one ruling meets every conic 
in the other ruling as a limit of P^ x P^ should. In VII we note that the union of 
two 52,2 does not smooth to Ds since it does not contain a line meeting every 
conic as a limit of Ds should. 

Degenerations of the Veronese surface. Since the Veronese surface ap- 
pears as a component of the limits of D„, we mention the non-degenerate two 
component limits of it. They are the union of a plane and a cubic scroll where 
the cubic scroll meets the plane along the directrix or the union of two quadric 
cones that share a vertex and a common line. Both cases occur. The Veronese 
surface degenerates to a cone over a rational normal quartic. The latter is a fur- 
ther specialization. To obtain the former limit carry out the usual construction 
by blowing up A x P^ at a point on the central fiber. 

Since the surface spans P^ the components must be scrolls meeting along 
a line. They can have degrees 2, 2 or 1, 3. Since a cone over a twisted cubic 
is a limit of 5i,2, we can assume that the cubic surface is smooth. The cubic 
plane pair cannot be joined along a fiber line and the quadrics have to be both 
singular with a common vertex. The former cannot happen because any two 
such surfaces are projectively equivalent. The dimension of the locus of pairs 
of a cubic surface union a plane meeting it along a fiber is too large. To show 
that the quadrics have to be as described we only need to show that the union 
of two quadric cones that share a common line but have distinct vertices cannot 
be a limit of Veronese surfaces. 

Each Veronese surface has a two-parameter family of conies, hence gives rise 
to a P^ in X^. The flat limit of the conies has to be a surface in connected 
in codimension 1. If a pair of quadric cones with distinct vertices were a limit, 
then the two surfaces would need to share a curve of conies (possibly reducible). 
Since this is not the case, we conclude that the vertices have to coincide. 

A forthcoming paper of Dan Avritzer should elucidate the emimerative ge- 
ometry of the Veronese surface. We are thankful to him for conversations on 
the degenerations of the Veronese surface. 
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4 Examples of Counting Del Pezzo Surfaces 



In this section we illustrate with a few examples how to use our knowledge of 
the degenerations of Del Pezzo surfaces to study their enumerative geometry. 

Example 1: Counting cubic surfaces in P"*. By Lemma [2 .31 the dimension 
of the space of cubic surfaces in P** is 23. We can ask for the number of Ds's 
containing r points and meeting 23 — 2r lines. 

The number of cubic surfaces containing 3 points and meeting 17 

lines. We outline how to see that there are 36 cubic surfaces satisfying the 
required incidences using degenerations. (See Figure|2|) Fix a hyperplane H in 

Step I. Specialize the three points and a line li to H. 

• Some cubic surfaces can lie in H. These surfaces must meet the 16 in- 
tersection points of H with the lines outside H . They must also contain the 
original 3 points. There is a unique containing the 19 points. It counts with 
multiplicity 3 for the choice of intersection point of the surface with li. 

• If a cubic surface does not lie in iJ, then its hyperplane section must be 
contained in the plane P spanned by the three points in i7, so the surface must 
contain P r\li. 

Step II. Specialize a second line I2 to H . Some cubics can now lie in H. Such 
a cubic must meet 19 points — the 4 points in the plane P and the 15 points of 
intersection of H with the lines outside H . These points impose independent 
conditions on cubics, so there is a unique solution counted with mviltiplicity 3 
for the choice of intersection with ^2- 

Step VI. This pattern continues until we specialize 6 lines to H . After we 
specialize 6 lines, if the cubic does not lie in 77, then the hyperplane section has 
to be the unique cubic curve in P passing through the 9 points in P. When we 
specialize the next line, either the cubic lies in H or it must break into P and 
a quadric meeting the rest of the lines. By a dimension count this is the first 
stage where reducible solutions occur. 

Step VII. We are reduced to counting quadric surfaces meeting 10 lines and 
containing a conic in common with P. Further degeneration shows that there 
are 15 such quadrics. Briefly, specialize a line to H . Either the quadric lies 
in H or it contains the point of intersection of with P. If the quadric lies in 
//, then it must contain the intersection points of the 9 remaining lines with H . 
This uniquely determines the quadric. It counts with multiplicity two for the 
choice of intersection with l^. 

The same pattern continues until we have 5 lines remaining outside. Then 
the hyperplane section of the quadric is the unique conic passing through the 5 
points in P. Once we specialize another line, the quadric has to either lie in H 
or break into a union of P and another plane having a common line with P and 
meeting the remaining 4 lines. The latter number is 3 by elementary Schubert 
calculus. We conclude that there are 36 cubic surfaces in P"* meeting 17 lines 
and containing 3 points. We will later verify the multiplicities (see §5.2). 
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Figure 2: Cubic surfaces in containing 3 points and meeting 17 lines (Example 
1) 
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Example 2: Counting D4's in P''^. By Lemma the dimension of the locus 
of D4S in P** is 26. We can ask for the number of D4S containing r general 
points and meeting 26 — 2r general lines. 




Figure 3: One 1)4 containing 13 general points (Example 2A) 

A. The number of D4^s in P'' containing 13 points. Specialize the points 
to a hyperplane H of P''. No reducible surfaces satisfy all the incidences until 
we specialize 9 points to H . After we specialize 8 points to H, the hyperplane 
section of a solution must be the unique elliptic quartic containing the 8 points. 
When we specialize a ninth point to H, Bezout's Theorem forces the surface to 
break into 2 quadric surfaces. The quadric surface Q in is determined. There 
is a unique quadric in the P'^ spanned by the 4 points not in H containing the 
intersection of Q with the P'^ and the 4 points. After we verify the multiplicity 
claims, we can conclude that there is a unique D4 containing 13 general points. 

B. The number of Z?4's in P^ containing 10 points and meeting 6 lines. 

(See FigureQl) Fix a hyperplane H of P"'. 

Step I. Specialize 6 points and 3 lines h, I2, I3 to H. This is the first stage 
where reducible solutions occur: there can be the union of two quadric surfaces 
meeting along a conic. Of the three lines outside H, 3, 2, 1 or of them might 
meet the quadric in H. The remaining 0, 1, 2 or 3 lines need to meet the 
quadric outside H. In each case there is a multiplicity of 8 for the choice of 
intersection points of the lines in H with the quadric in H. In two cases there 
is a combinatorial choice of 3 for which of the lines meet the quadric in H. The 
surfaces are uniquely determined. 

Step II. If a solution is still irreducible, then its hyperplane section in H is an 
elliptic quartic curve C meeting the 6 points and the lines li,l2,h- Specialize a 
line ^4 to H. The new reducible solutions must contain a curve C as described. 
We specialize three points and two lines li, I2 to lie in a plane P in H . Either C 
passes through the intersection point of li and I2 or it must have a component 
in H . This component can either be a conic or a line. The residual component 
must be a conic or a twisted cubic, respectively. The number of these can be 
determined using the algorithm in §7 of 0. Finally, of the lines outside H , 2, 1 
or of them might meet the quadric in H . Considering all the cases we see that 
there are 128 reducible surfaces at this stage. 

Step III. If a solution is still irreducible, then its hyperplane section in H must 
be one of the 32 elliptic quartic curves containing 6 points and meeting 4 lines 
f |Vj §8.3). We specialize a fifth line ^5 to lie in H. The Del Pezzo surfaces 
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Figure 4: Counting D4 surfaces containing 10 general points and meeting 6 
general lines (Example 2B) 
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now have to break into a union of two quadrics. The sixth hne can either meet 
the quadric in H or the quadric not lying in H . In each case there is a unique 
surface, appearing with multiplicity 2 for the choice of intersection of 1^ with 
the quadric in H . We conclude that there are 320 quartic Del Pezzo surfaces in 
P** containing 10 general points and meeting 6 lines. 

Example 3: Counting Z?5's in containing an elliptic quintic curve. 

As a final illustration of the type of enumerative problems one can hope to 
answer using degenerations, we find the number of -Ds's in P^ containing an 
elliptic quintic curve, three points and meeting a plane. (See Figure 
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Figure 5: Counting Ds's containing a quintic elliptic curve, 3 points and meeting 
a plane (Example 3) 

Step I. Specialize the plane P to the hyperplane H spanned by the elliptic 
quintic. The surface breaks into a union of D4 and a plane 11. (By a dimension 
count it cannot break into a cubic scroll union a quadric surface. The other 
possibilities in Proposition l3.2l are either further degenerations of I?4, hence are 
excluded by a dimension count or do not contain any elliptic quintic curves — 
e.g. a Veronese surface or a quartic scroll.) We reduce the problem to counting 
DiS containing an elliptic quintic C and a disjoint line I (Z = iJ fl 11). We get 
a multiplicity of 4 for the choice of intersection of P with any limit D^. 

Step II. Specialize the elliptic quintic to the union of an elliptic quartic and 
a general line. -D4 must become reducible by Bezout's Theorem since the hy- 
perplane spanned by the elliptic quartic meets The surface must break into 
a union of quadrics and they are both uniquely determined. We conclude that 
there are four quintic Del Pezzo surfaces containing an elliptic quintic, three 
points and meeting a plane. 

A non-example. Even when wc impose only point conditions on surfaces 
Dn for n > 4, at each stage new and more complicated degenerations appear. 
One can make arbitrarily long lists of degenerations to count more cases until 
the dimension counts or the multiplicity calculations lose their rigor. We will 
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instead limit ourselves to simple enumerative problems. We give, however, an 
example to illustrate the complications due to curve conditions. 
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Figure 6: Degenerations of D^s containing 11 points and meeting a line 

The degenerations of in that contain 11 points and meet a line 
I. (See FigureEl) When we specialize 8 points to H, the surface can break into 
a plane P union a D^. The D4 must contain an elliptic quintic curve (the limit 
of the hyperplane sections of D5) passing through the first 7 points (marked by 
*), the line Ip = P D H and 2 other points (marked by x) — the 8th point and 
the point I n H. We specialize Ip, 4 of the 7 points (*) and one of the points (x) 
to a P"^. If the surface does not break, then the hyperplane section is Ip union 
the twisted cubic C meeting it twice and containing 5 points (4 * and one x). 
When we specialize the last point (x), breaks into a cubic surface union a 
plane P'. The elliptic quintic must break into a union of a twisted cubic C 
with a conic outside P"^ meeting it twice since 3 of the points (*) are still outside 
the W^. Now we need to determine cubic surfaces containing the line I with the 
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twisted cubic C meeting it twice, containing a line I' which is the intersection 
of P' with the and in addition containing a twisted cubic C which meets 
twice and contains the 4 points (*) on C. The other cases are similar. As 
this example indicates when n gets larger, the curve conditions on Z?„ get very 
complicated making it very hard to continue the degenerations. 

5 The Enumerative Geometry of 

In this section we carry out the dimension and multiplicity calculations necessary 
to justify calculations similar to ones in §4. 

5.1 Dimension Counts 

The building blocks. We calculate the dimension of relevant loci in the 
Hilbert scheme of surfaces. 

Lemma 5.1 The dimension D of the locus of surfaces S in containing an 
irreducible, reduced conic in a fixed hyperplane H is as follows: 

1. If S is a scroll 82,1, I > 2, then D ^ N{l + A) ~ 3. 

2. If S is a scroll Si^i, l<l <2, then D = N{l + A)~ 3. 

3. If S is the Veronese surface, then D = 67V — 4. 

Lemma 5.2 The dimension D of the locus of surfaces S in P^ containing a 
line I in a fixed hyperplane H is as follows: 

1. If S is a rational cone So,i, then D — N(l + 2) — 5. 

2. If S is a smooth Del Pezzo surface Dn, then D = N{n + 1) — n + 8. 

3. If S is a cone over an elliptic normal curve of degree k tangent to H 
everywhere along I, then D = N{k + 1) — 2. 

Lemma 5.3 The dimension D of the locus of pairs (S, C) in P^ where S is a 
surface and C is a curve on it is as follows: 

1. When S is a Del Pezzo surface Dn and C is an elliptic curve of degree n 
(resp. n + Ij , then D = N{n + 1) + 10 (resp. D = N{n + 1) + II), 

2. When S is a scroll Sk,i, l — k<2, and C is an elliptic curve in a bisection 
class 2e+{l-k + 2)f, then D = N{k + l + 2) + 2k + A- Sk,i 

3. When S is a Del Pezzo surface Dn and C is a rational curve of degree 
n-l, then D = N{n + 1) + 9. 

Proof: To prove the lemmas consider maps from P^, F;_2, Fi-i or the blow- 
up of P^ at 9 — n points to P^, up to isomorphism, given by the linear series 
|Op2(2)|, \Of,_2 + lf)\, \Ofi_i {e + lf)\, \ — K\ respectively. In the cases 
where the surface is required to contain a curve in a fixed hyperplane H , we 
assume that the map is given by (sq, • • • , sn), where sq corresponds to H. The 
lemmas follow from the cohomology calculations in §2 and §2 of C . □ 

Gluing. We now prove that gluing surfaces along projectively equivalent ratio- 
nal curves to form a tree imposes the expected number of conditions. 
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Notation. For a variety X £ P , let Tlx denote tlic locus in the Hilbert 
scheme parametrizing varieties projectively equivalent to X. Let Rat(i(X) be 
an irreducible subscheme of the scheme of rational normal curves of degree d 
on X. For a variety Z such that [Z] E Hx let Ra.td{Z) denote the transform 
of Ratd(X) under the projective linear transformation that takes Z to X. Let 
{pf)i=ij < s < 3, denote distinct points on a rational normal curve. 

Lemma 5.4 Let Xi and X2 be two varieties in P^. In the incidence corre- 
spondence I := 

{[z,,Cz,,{pf')U,Z2,Cz,,{pfri=i) ■■ Zj e Hx^Cz, e Ratrf(X,),pf G Cz,} 

the locus Czi = Cz2 md pf^ — pf^ for all 1 < i < s has codimension 

N{d+l)+d-3 + s. 

Proof. Without loss of generality we can assume that ,s = 0. / maps to 
Rat(i(P''^) X Ratd(P^) by projection. The fibers are equivalent under the diag- 
onal action of FGL{N + 1). Since the locus of interest is the inverse image of 

the diagonal, the lemma follows. □ 

Notation. Let H and H denote two hyperplanes in P''^. Let S^. and Q^. be 
collections of general linear subspaces of H and of dimension aj and 6j, 
respectively. Similarly, let A;^^. and F^^, be collections of general linear spaces of 

P^ and n, respectively. We will usually omit the dimension from the notation. 
We denote connected curves of arithmetic genus 1 hy E and connected curves 
of arithemetic genus by R. To denote their degree we append a number in 
parentheses. 

Let H(P^, Dn) be the component of the Hilbert scheme whose general point 
corresponds to a smooth Del Fezzo surface D„. Let £{F^ ,m) denote the com- 
ponent of the Hilbert scheme whose general point represents a smooth elliptic 
curve of degree m in P''^. Let 'H£{P^ ,Dn,m) be the incidence correspondence 
of pairs 

{([D„], [E{m)]) G W(P^,£'„) X £:(P^,m) : E c Dr^} 

where the elliptic curve i;^ is a closed subscheme of the Del Fezzo surface Dn- 
Finally, let U{F^ ,Dn, m, I, J) denote the (/, J) pointed universal surface curve 
pair over H£{F^ , Dnjin) defined by 

{ {Dn, E, (gOLi, {Pj)U) -Pj^Ec Dn, Qi G Dn, {Dn, E) G H£(P^, Dn, m)} 

where pj and qi are points of the curve E and surface D„, respectively. 

The space of Del Pezzo surfaces. Let ■D„(P^, /i, /2, J) denote the closure 

inZY(P^,£'„,n,/i + /2, J) of 

{{Dn, E, {qi)U, :E = DnnH,qiC n\pj C S^' C H} 

where I?„ is a smooth Del Fezzo surface, E is its hyperplane section in H and the 
marked points are requied to lie in the designated linear spaces. This notation 
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is bad since many different possibilities arc denoted by the same symbol. Since 
in any given enumerative problem the dimensions of the linear spaces will be 
predetermined we will use it as a shorthand. 

Let IiD I2 ~ I and Ji U J2 = J be two partitions. 
The space of scroll pairs. Let S{P^ ,ki,li,k2,l2,Ii,l2,Ji,J2) denote the 
closure in W(P^, n, Ii + I2, Ji + J2) of the locus 

{ iSk„i, U Sk„i,,E (/ci + /i + 2) U fi U • • • U Ffe2+/2-2, qi,Pj) ■■ Sk,M C H 
E {ki + «i + 2) C 5ft,,,,, Fi U • • • U Fk,+i,-2 C Sk„i, n H, Sk,M ^ Sk,M = ^(2) 
QiGCl'D Sk,,i^ for i G Ir, pj riE (fci +li + 2) for j G Ji, 

Pj e s^^ n (Fi u • • • u Fk,+i,-2) for j e J2} 

of pairs of scrolls meeting along a conic R{2), where the scroll Ski,ii is in H and 
contains an elliptic curve E{ki +2) and the other scroll is outside H and its 
intersection with H consists of the conic R{2) and the fibers Fi, • • • ,Fk^+i^-2 
and the marked points lie in the designated linear spaces. The elliptic curve 
E, needless to say, meets all the fibers Fi. We also assume that ^2 + ^2 > 1 to 
ensure that Sk2.i2 ^^''^ outside H. 

The space of Dn-i union a plane. Let 'P2?„_i(P^, /i, /2, J) denote the 
closure in t/(P^, -D„, n, I\ + I2, J) of the locus 

{(£)„_! UP^^;(n),g„pJ) :D„_inp2 = i?(l),E(n) C£>„_i Cif, 
Q-j G n £)„_i for i e h, g-i G fi' n P^ for i G l2,Pj G S-'' n E{n)} 

where Dn-i is a smooth Del Pezzo surface in iJ, E{n) is an elliptic curve on 
Dn-i and the marked points lie in the designated linear spaces. 

Let X'„_i'P(P^, /i, /2, Ji, J2) be the variant where P^ is in H and is 
outside, the two meet in a line I and the marked curve is a conic in P^ meeting 
the hyperplane section of Dn-i residual to I in two points. 
To generalize the discussion below to more cases one has to formulate similar 
loci corresponding to other reducible surfaces (possibly with more components) 
that occur in §3 like pairs of a Veronese and a scroll or an elliptic cone and 
a rational cone. In addition one has to allow for the surfaces outside to have 
tangencies with H along their common curves with the surfaces in H and the 
"limit curve" in the components in H to have correspondingly larger degree. 

The space of marked £>„. Let Dn{P^ ,Tn, I, J, J') denote the closure in 
W(P^, £>„, m,I,J + J') of the locus 

{ E, {qi)U, (oy)/Li) : % G £>„ n n\pj G A^' n E, oj. G F^' n e} 

where D„ is a smooth Del Pezzo surface, E is a degree m elliptic curve on it 
and the marked points lie in the designated linear spaces. The indices i are 
reserved for points on the surface, the indices j indicate points on E, but not 
in n. Finally, the indices j' designate points that lie both on E and in 11. 
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Let D„(P^, m, /, J, J', 0(1)) denote the analogous space, but where in addi- 
tion the points Oji satisfy X]/'=i "i' ~ ^s(l) i'^ the Picard group of the eUiptic 
curve E. 

Let Skj{^^ ,k + l + 2J,J,J') and S'fcj(P", fc + ? + 2, /, J, J', 0(1)) denote 
the analogous space where Dn is replaced by a scroll S'^j and the elliptic curve 
has degree k + 1 + 2. 

Let D„(P^,ri + r2 = m, I, Ji, J2, J[, J2) denote the closure of the locus 
where _E is a pair of rational curves of degrees ri and r2 meeting at two points 
in £'„(P^, m, /, Ji + J2, J( + J2) and the conditions are distributed between the 
rational curves according to a partition. 

We define the analogous locus 5fc^;(P^; ri + r2 = k + I + 2; I , Ji, J2, J{ , J2) 
for scrolls. 

The divisors. The space X'„(P^, /, J) has a natural Cartier divisor 

i?jf(P^,/,J) :-{(i^„,S,g„p,) eP„(P^,/,J) :g/ ei/} 

defined by requiring one of the marked points on the surface to lie in H. 

Let Dn{P^,Dr„I,J,J') on L>„(P^, n + 1, /, J, J') and Dn{F^ , Sk,i, I , J, J') 
on Sk,i{P^ , E{k + I + 2),/, J, J') defined by letting pj lie in 11 be analogous 
Cartier divisors. 

There is a natural map </> from U{P^ , I?„, m, /, J) to 7i(P^, D ~n) given by 
projection. 

Definition 5.5 ^ divisor D of a subscheme A in h({¥^ , Dn,m, I, J) is called 
enumeratively relevant if the image of D under (j) has codimension 1 in the 
image of A. 

One can list the components of Dh(P^,I,J) that are enumeratively relevant 
Weil divisors whose general point corresponds to a surface that has reduced 
components and spans P". Rather than give long lists, we will demonstrate 
how one produces such lists in examples similar to the ones in §4 and indicate 
what other type of behavior can occur when we require fewer point conditions. 

The following lemma, which is a consequence of Kleiman's Transversality 
Theorem Kl (see Proposition 6.1 in |2]) allows us to carry out the dimension 
calculations when / = 1, = and = P^. 

Lemma 5.6 Let A be a reduced, irreducible subscheme of 'Dn{F^ , I, J) and let 
p be one of the labeled points. Then there exists a Zariski open subset U of the 
dual projective space P^* such that for all hyperplanes [H] G U , the intersection 
An {p £ H} is either empty or reduced of dimension dim A — 1. 

We describe the components of Dh{P^ ,I,J) in X'„(P^,/, J) relevant to our 
examples. 

1. P„(P^,/-1,J+1) 

where 1]-^+^ il^ and the rest of the data is identical. To check that this locus 
is a divisor we use the above reduction. In that case the dimension for surfaces 
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does not change; however, the moduh for the points is one less. Since surfaces 
which are hmits of D„ which do not contain a component in H he in the closure 
of 1, we can now assume that all other limit surfaces have a component in H . 

2. P„(P^-\/,J>n) 

where qi G il^ and qi £ H Dft'^, i < I. Since the dimension of I?„ in P^-i is 
+ 10 + (n + 1)(-/V — 1 — n), the choice for hyperplane section has dimension n 
and the points have the same moduli, this locus is a divisor. It is enumeratively 
relevant when J > n. When J < n, the hyperplane sections move in a positive 
dimensional linear series. The image of (p has positive dimensional fibers. We 
can now assume that the other components of Dh consist of reducible surfaces 
at least one component of which lies in H and one component lies outside H. 

3.S0P'',h,h,k2,l2,h,l2,Ji,J2), J1 + J2 >8-(fc2 + ?2-2) + <5j°;5^), h~h<2 

where + ^0 = '^j Qi ^ ^ki,ii and the rest of the marked points are dis- 

tributed between the two components according to some partition. By Lemmas 
15.11 15.31 and 15.41 and the constructions in §3 the locus 3 is a divisor. It is enu- 
meratively relevant when J > 8 — (^2 -1-^2 — 2) unless (fci, ^i) — (0, 1) in which 
case it is enumeratively relevant when J > 9 — (fc2 + ^2 ~ 2) . 

where qi £ Dn-i and the other points are distributed among the two compo- 
nents according to some partition. By Lemmas 15 . 21 15 . 3l and 15 . 41 it is a divisor. 
It is enumeratively relevant when J > n. 

5.2 The "Algorithm" for Counting D3 and D4 

Now we outline the argument for counting D3 and D4 in greater detail. We 
begin with some lemmas necessary for multiplicity calculations. 

Lemma 5.7 Let E be an elliptic curve of degree n + 1 on Dn in the class 
-K + Ei then 

1. H\Dn,ND„/pN)=0, 

2. H\D„,Nd„/pn{-E))=0 

Proof: Suppose H'{Dn,TpN ^OdJ = and H%Dn,TpN ® OdJ-E)) = for 
i > 0. Then using the standard short exact sequence 

^ Td,, Tpjv ®Od,,^ Nd„/pn 

we conclude that H-^ {Dn, Njj^ ^pn) = H^[DmTo„)- The analogous statements 
hold when we twist the sheaves by — E'. Tensoring the Euler sequence 

^ Opjv -> (Op«(l))^+i ^ Tpiv ^ 
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by Od„ and Od„{—E) we conclude that 

H\Dn,TpN ®Od„) = and H' {Dn,TpN ^ Oo^i-E)) ^ 

for i > 0. Here we are using the fact that H^{Dn,OD„{'~E)) — 0. This foUows 
by Serre duahty. 

Finally, by Serre duality H^{D„,TdJ = and H'^{Dn,TD„{~E)) = 0. The 
lemma follows. □ 

Lemma 5.8 Let be a smooth cubic surface. Let E be a curve in the class 
-K on D3. Then H^iD^, N^^^pN {-E)) = 

Proof: Nd^/pn ^ Od^-^K) © {Od^-K))^^^ ■ We twist the normal bundle 
by K. Since D3 is a rational surface, h^{OD3) — 0; and h^{OD3{—2K)) vanishes 
by the Kodaira Vanishing Theorem. □ 

Lemma 5.9 Let Q be a smooth quadric surface. Let E be a curve in the class 
Oq{2,2) onQ. Then H^{Q,Nq,pn{-E)) ^0 

Proof: Since Nq/^n = Oq(2,2) © {Oq{1, 1))^"^ the lemma follows from the 
cohomology of Q ( Ha Ex. HI. 5. 6). □ 

Counting D3. We now analyze the case of D3. 

Proposition 5.10 Every enumeratively relevant component o/I?//(P^,/, J) in 
V3i¥^J,J) IS one of 

1. P3(P^,/- 1, J+ 1) ifY.^j^^{N~2~aj)+N~2~hi <37V + 3, 

2. V3{F^-\I,J>3), or 

3. 5(P^,0,l,l,l,/i,/\/i,J>9). 
Each of these occurs with multiplicity 1. 

Proof: This is a complete list of enumeratively relevant components. If the sur- 
face represented by a general point of a component is irreducible or contained 
in H , we already argued that cases 1 or 2 must hold. If the surface is reducible 
with at least one component in H and one component outside, then the compo- 
nent in H must be a plane. (Note that a trivial dimension count excludes the 
possibility that any component is a non-reduced plane.) The component outside 
is a possibly reducible quadric surface. Further specializing a smooth quadric 
strictly decreases the dimension and there are no new contributions from the 
choice of the limit of the hyperplane section in H. Finally, by Lemma fS. 61 the 
surfaces do not intersect the intersection of two of the linear spaces 51' or E-' . 
We conclude that we have the complete list. 

To prove that the components occur with multiplicity 1, we can assume that 
1 = 1,0,^— P^, and = H. Using Lemma [5.61 repeatedlv we conclude the 
proposition in general. Next by taking a general projection, we can assume that 
= 3. Now the argument is an easy deformation argument. We will show that 
as we move pi out of the plane there is a first order deformation of the limit 
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cubic which contains the deformation of the point. This suffices to conclude 
that the multipHcity is 1. 

Let {Xq, Xi,X2, Xs) be coordinates on P'^. Suppose H is defined by Xq — 0. 
We will write the deformation down for the case 3, as the others are even easier. 
We can assume that the plane and quadric pair is given by XoQ{Xo, Xi, X2, X3). 
Suppose the hmit point is p = (0,0,0,1). We take the deformation = 
(e, 0, 0, 1) of the point away from Xq. There are already 9 points in H. Those 
define a unique cubic on Xq given by C{Xi, X2, X3). We can assume that p 
does not lie on C. We need to write a first order deformation of the surface 
which vanishes on C and contains Pe to first order: 



XoQ{Xo, Xi,X2, X3) — e 



'5<»-»>'''')c(X,X„A3) + ,Y.O' 



C(0,0,1) 



where Q' is any quadric. □ 

Proposition 15 . lOl reduces the problem of counting to counting plane and 
quadric pairs meeting in a conic or counting D3 in one lower dimensional pro- 
jective space with incidence conditions on a hyperplane section E. 

The techniques in |0| readily provide a solution of the first problem. The 
incidence conditions on E are simply incidence conditions on the plane. By Schu- 
bert calculus we can express these conditions in terms of multiples of Schubert 
cycles. The problem reduces to counting quadric surfaces whose span contains 
a plane satisfying Schubert conditions. 

The second problem requires us to describe the enumeratively relevant com- 
ponents of L»n(P^,3,/, J, J') in D^iV'^ ,3, 1, J, J'), J' < 4. 

1. The components where E and the surface remain outside 11 are of the 
form i:)3(P^,3,/, J - 1, J' + 1) if J' < 2 and D3(P^,3,/, J - 1, J' + 1,0(1)) 
if J' = 2. The 0(1) condition on an elliptic cubic simply means that the 
intersection points of the curve with the linear spaces are coUinear. 

2. If A'-^ has dimension N — 2 and one of the also has dimension N — 2, 
then E can meet A"^ n . If the linear spaces do not have codimension two in 
P^, by Lemma [5.61 the locus where E meets their intersection is not a divisor. 

3. If E lies in 11 and the surface is irreducible and not in 11, then we get 
the component DsiF'^ , I, J + J') when J' = 2 or DsiP'^ ,I,J + J\0{1)) when 
J' = 3 where the linear spaces meeting E now are the intersections of the linear 
spaces with FT. 

4. If the curve breaks, but the surface does not break, then there is a line in 
n and a conic not in 11 meeting it twice. D3(P^, 1 -f 2 = 3, /, J, J') is the divisor 
corresponding to this situation. This is an enumeratively relevant divisor when 
J' = 3. The locus where the conic is more special is a sublocus of this one and 
hence does not form a divisor. 

There are two other possibilities: the surface can lie in 11 or both the sur- 
face and E can break. Neither of these loci give divisors. The first locus is a 
specialization of 3. A simple dimension count excludes the second locus. 

Claim: All these components occur with multiplicity 1 in £)n(P^, 3, /, J, J') 
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Proof: By repeatedly applying Lemma [5.61 we can assume / = 0. There is a 
smooth morphism from D3(P^, 3, 0, J, J') to Mi^j+j/ (P^, 3) given by sending 
the surface curve pair to the stable map which embeds the curve into P^. This 
morphism extends to a general point of the divisors listed above. We note that 
in case 2, the map has a contracted rational component. Both of the spaces are 
smooth of the expected dimension at the general points of the listed components 
and at their images. To show that the morphism is smooth, it suffices to check 
that the Zariski tangent space to the fibers have the expected dimension. The 
Zariski tangent space is given by H^{D3, Njj^/fN{—E)). By Lemma since 
the latter bundle does not have any h^, it follows that the morphism is smooth. 
The claim is a consequence of Theorem 6.3 |Vj since Dni^^ , 3, /, J, J') here is 
the pull-back of Dh in the notation there by the smooth morphism. □ 

Finally, observe that if the data /, J differs from /, J by either including 
another N — 2 dimensional linear space to / or by an A'^ — 1 dimensional linear 
space to J, then the number of the new surfaces is the degree of the surface 
in the case of / and the degree of the curve in the case of J times the number 
because of the choice of the point. See Proposition 6.2 |V|. 

Counting containing a conic or a line is similar, but easier. (see §7.7- 
7.9) demonstrates how to count curves with the 0(1) condition. Consequently, 
we can always count D^, using the degeneration method. As a corollary, we can 
count pairs with an elliptic cubic curve which satisfies incidence conditions 
with linear spaces and a divisorial condition. Counting incident to linear 
spaces can be solved by classical means, however, at each stage this requires 
working out the cohomology ring of a new parameter space. In addition, it 
is considerably more difficult to count with curve conditions which satisfy 
incidences and divisorial conditions by classical methods. 

Counting D4. For simplicity we discuss how to count D4 in P^ when at least 
4 of the linear spaces are points, one has dimension fc < — 4 and at least 5 + k 
have dimension — 4 or less. We first study the case iV = 4. The case iV > 4 
easily reduces to it. 

Specialize 6 of the points to a hyperplane H keeping 4 of the remaining points 
outside H at all times. Specialize the rest of the conditions to H in order of 
increasing dimension. The enumeratively relevant components of Dh{^'^, I, J) 
are one of 

1. L>4(P^/-l, J + 1) or 

2. 5(P^,l,l,l,l,/i,/\/i,J>8). 
These occur with multiplicity 1. 

Since the surface cannot lie in H, the first divisor covers all the possibilities 
where the surface is irreducible. By Proposition]^] and a simple inspection Dh 
does not contain any components whose general member parametrizes surfaces 
with more than 2 components. The only component of Djj where the compo- 
nents of the limit surface have degree 2 is the divisor 2. If the components have 
degrees 1 and 3, then the cubic spans P**. If the cubic spanned P'^, it could meet 
at most 6 of the points, but the remaining 4 do not lie on a plane. By Lemmas 
15.11 and 15 . 41 there cannot be a plane and cubic scroll pair either. 
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To see that they occur with muhiphcity 1 we argue as in the case of D3 by 
constructing a suitable first order deformation. Since case 1 is easier, we just 
write the exphcit deformation in case 2. Without loss of generality we can take 
the the quadrics given by XoXi,X^ + + + X§ + Xj. Let H he Xq = 0. 
The limit hyperplane section is an elliptic quartic E, so it is the intersection 
in Xq = of Xi + X2 + X§ + Xl with a quadric Q. We can assume / = 1 
and that the limit point is (0,i, 0,0,1). We deform the point away from Xq 
by considering (e,z, 0,0,1). We need a deformation which vanishes on E and 
contains the deformation of the point to first order: 



1 

Q(Xi, X2, X3, X4) + XoLi(Xo, Xi, X2, X3, X4) 



_Q(z,0,0,l) 

Xq + Xi + X2 + X^ + Xl + eXaL2{Xa^ Xi, X2, X3, X^) 

where Li are linear forms. 

We thus, reduce the problem to counting pairs of quadric surfaces meeting in 
a conic where the one in H contains an elliptic quartic E satisfying incidences. 
This problem requires us to describe the enumeratively relevant components 
of Dn(P^ 1, 1; I, J, J') in ^(P^; 1, 1; /, J, J')- We specialize the conditions on E 
onto a plane by bringing 3 of the 6 points onto the plane keeping 3 of the points 
outside and then bringing the rest in order of increasing dimension. There are 
at least 8 linear spaces meeting E and at least 6 of them are points. When we 
specialize 

1. E can meet H along F-'. We get 5(p3; 1, 1; /, J - 1, J' + 1). 

2. If one of the linear spaces in 11 is already a line and the condition we 
specialize is a line, then E can meet their intersection point. This gives rise to 
5(P3;1,1;J, J-1,J'). 

3. E can break into a conic in 11 and a conic outside meeting it twice. This 
gives rise to 5*1, i(P'^; 2 + 2 = 4,1, J, J'). In this case the enumerative problem 
becomes trivial because the conditions have to split between 11 and the plane 
spanned by the points outside 11. We are reduced to counting quadrics subject 
to point conditions. 

4. The curve can break into a line in 11 and a twisted cubic meeting it twice. 
This gives rise to S'i,i(P^; 1 + 3 = 4, /, J, J'). There are a finite number of these 
since the curve has at least 2 more conditions other than the 6 points The 
curve imposes 8 linear conditions on quadric surfaces, so this case is also very 
easy to count. 

This is a complete list because an easy dimension count shows that there are 
no components of Du where the curve has more than two components and the 
point conditions imposed on the quadric preclude the possibility of its breaking 
into two planes. In particular, the limit of E cannot be the union of a line with 
an elliptic cubic. 

Claim: The divisors above occur with multiplicity 1. 

Proof: There is a rational morphism from S'14 (P^, 4, /, J, J') to Mi, j+j' (P^, 4) 
by sending the marked elliptic curve to the stable map which embeds it in P"^. 
This map is well defined on an open set of each of the divisors and it gives a 
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smooth morphism. The proof is identical to the case of D3 except instead of 
using Lemma [5.81 we use Lemma l5^ □ 

Finally, to reduce the more general case to the case iV = 4 specialize the 
conditions to a hyperplane containing the 4 points. Suppose by induction that 
we can count D4 in satisfying the analogous conditions and all the degen- 

erations of that case. If the surface lies in the hyperplane at any stage, then we 
are reduced to a subcase of the case iV — 1. If the surface breaks, the argument 
for iV = 4 case shows that it must be two quadrics and the same analysis applies 
to the quadric in H. 

Remark: For concreteness let us assume = 4. Almost the same argument 
holds if we required only 8 of the linear spaces to be points. In this case the 
surface can break into a cubic scroll union a plane in H, but these numbers can 
be determined using [Uj. When exactly 8 of the linear spaces are points, there 
are cases when we have to count cubic scrolls meeting a line twice. Although 
this problem is not explicitly addressed in 0, a simple modification of the 
argument for counting twisted cubics meeting a line twice §7.5) works. 

If only 7 of the linear spaces are points, provided we specialize all the point 
but one to H first, the only new limit is D3 union a plane. These can be counted 
but requires studying the degenerations of D3 with an elliptic quartic on it. This 
case is marginally harder than counting pairs D3 and an elliptic cubic. 

If we relax the conditions a little further, we open Pandora's box. Singular 
surfaces appear in the limit and they can have tangencies with H. Identify- 
ing the divisors and their multiplicities becomes difficult. Unlike the simple 
examples here the multiplicities are not in general 1. 

6 Gromov-Witten Invariants of 

In this section we study the relation between the Gromov-Witten invariants of 
and the enumerative geometry of -D„. We prove that when n = 3 and in 
many cases when n = 4, the Gromov-Witten invariants involving incidence to 
linear spaces are enumerative. However, when n > 5, most are not enumerative. 

Gromov-Witten Invariants. The Kontsevich spaces of stable maps possess 
a virtual fundamental class [AIo,m{X, of the expected dimension 

dimX - Kx • /3 + m - 3. 

They are equipped with m evaluation morphisms pi, ■ ■ ■ , Pm to X , where the 
i-th evaluation morphism takes the point [C,pi, ■ ■ ■ ,Pm, m] to the point p{pi) of 
X. Given classes 71, • • • , 7™ in the Chow ring A*X of X, we obtain a class 

pJ(7i)U---Up;.(7™) 

in Mo,m {X, (3) . We can evaluate its homogeneous component of top dimen- 
sion on [Mi^^m{X, to obtain a number 1^(71, •• • , 7„i) called the Gromov- 
Witten invariant. Explicitly, 
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^,3(71, • • • ,7m) = /_ pUh) U • • ■ U p*„(7m). 

J[A/o,„(X,/3)]virt 

Notation. Let c denote the variety of conies in incident to a 
linear space A" of dimension a. Let 7^ denote the cohomology class of Tp^a. 

Definition 6.1 We call a Gromov-Witten invariant Id^ijai, ■ ■ ■ ,7a,„) of 
enumerative if for a general set of linear spaces the only stable maps 
(C,pi, ■ • • ,Pni\tj) in Mo,m{X'^ ,dn) with ^*[C] = d„ and ^{pi) S Fa"; are in- 
jective maps from irreducible source curves whose images coincide with a curve 
of conies on a smooth _D„. We call these maps enumerative maps. 

Remark. Id„ {jai , ■ ■ ■ , 7a„ ) is non-zero only when 

m 

^{N - 1 - a,;) = N{n + 1) - n + 10 + to. 
1=1 

We always assume that this equality holds and that Oi < N — 2. 

We say a stable map n to X^ sweeps out a variety V C P''^ if the set- 
theoretic image of the projection of the universal conic over the image of /x to 

is V . If jjL restricted to an irreducible component Ci of the domain curve C 
sweeps out an irreducible variety V C P^, we say that {Ci,n\Ci) sweeps out V 
k times if the projection from the universal conic is a generically finite morphism 
of degree k. 

If the obstructions for a stable map vanish, then the virtual fundamental 
class coincides with the usual one. Lemma 1.1 in |Ga| . which we reproduce for 
the reader's convenience, states a local version. 

Lemma 6.2 If h^{C,n*Tx) = for {C,pi,--- ,Pm\}i) G Mo,m(A:,/3), then 
{C,pi,--- ,Pm',fJ') lies in a unique component Z of Mo^miX, (3) of dimension 
equal to the virtual dimension. Moreover, 

[Mo,™(X,/3)r*-[^] + i? 

where R is a cycle supported on the union of the components other than Z . 

Since the normal bundle of a curve C in X^ corresponding to a fixed conic class 
on a smooth D„ is generated by global sections, the standard exact sequence 

implies that for an enumerative map h^{C,^*Tx) = 0. By Lemma 16.21 an 
enumerative Gromov-Witten invariant of X^ is equal to the ordinary scheme- 
theoretic intersection of the cycles p*rA"i on the component of enumerative 
maps, where A"^' are general linear spaces. An enumerative map has no auto- 
morphisms, so the cycles intersect at smooth points of this component. Since 
by Kleiman's Transversality Theorem they intersect transversely, we conclude 
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Proposition 6.3 Let #-D„(7ai , • ' ' 1 7a„) be the number of Del Pezzo surfaces 
incident to general linear spaces of dimension Ui . Let Rn denote the number of 
distinct conic classes on Dn- Then, for an enumerative Gromov-Witten invari- 
ant of we have the equality 

Id„ (7qi r • • , 7q,„ )^ Rn - #Dn{lai , ' ' ' , 7a,„) 

Remark. Lemma f2 . 21 implies that i?3 = 27, i?4 = 10,i?5 — b,RQ — Rt — 2 
and i?8 = 1. 

Non-enumerative Id^ The Gromov-Witten invariants /^^ (7ai , • • • , 7a„) are in 
general not enumerative. The following proposition constructs non-enumerative 
examples for 5 < n < 7. When n — the invariants are not only non- 
enumerative, but the conies that sweep a and the conies that sweep the 
anti-canonical embedding of x P-'^ both contribute to them. Hence, the in- 
variants are not well-suited for enumerative calculations. 

Proposition 6.4 The Gromov-Witten invariant Ld^i'jai, ■ • • j7a„) of X" is not 
enumerative when 

1. n — 5 and X]i=i(2 ~ '^i) ^ 16, 

2. n — 6 and there exists a partition of the numbers Ui into {bs)g^i and 
(ct)tLi such that 

S T S T 

^(3 - 6,) < 12, ^(2 - ct) < 10, ^(4 - b,) = 36, ^(4 - q) - 10, 

s=l t=l s=l t=l 

3. n = 7 and ~ Qi) ^ 30. // equality holds we also assume that at 
least one a.i < 3 «s not equal to 1. 

Proof: For each case we need to construct a stable map to X^ that satisfies the 
incidences, but does not sweep out a smooth Z?„. We already encountered the 
additional components of M^^miX^ ^dn) in the proof of Proposition 13. 21 Take 
a smooth Del Pezzo surface Dn-k-, n — k > S, and a rational cone of degree k 
containing a line I of Dn-k and meeting a different line I' of Dn-k incident to 
I at its vertex. Denote this surface by R{k,n) (see Figured). The connected 
curve of conies corresponding to the conies in the class [I] -\- [I'] on Dn-k and 
the union of /' with the lines on the cone has class dn in X^ . The dimension 
lemmas in §5 imply that the dimension of R{k, n) is N{n -I- 1) — n -I- 10 + fc — 2. 
When A; > 1, this is at least the dimension of D„. Under the hypotheses of the 
proposition it is easy to see that there are i?(2, 5), i?(2, 6) and i?(3, 7) meeting 
a general set of in P^,P^ and P^ in the three cases, respectively. The same 
construction also provides non-enumerative examples of Id„ when N > n. \I\ 

Theorem 6.5 The Gromov-Witten invariant Id^i'jai, ■■ ■ :7q,„) of X^ is enu- 
merative when 
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Figure 7: The surface R{k,n). 



1. n = 3 or 

2. n^A and Y^Zii^ " 3 - at) > A{N - 3) . 

Proof: Let {C,pi, ■ ■ ■ ,Pm', p) be a stable map to X'^ in the class d„ such that 
p{pi) S FAtii for general linear spaces A"'. Let V be the variety swept out by 
/Li. Then V must meet the linear spaces A°* . The strategy of the proof is to use 
Theorem 12.51 to prove that y is a smooth I?„ under our hypotheses. 

Claim 1: The variety swept out by a connected curve in the class dn spans at 
most P". 

If the curve in is connected, then the threefold in swept by the 
planes of the conies is connected in codimension 1 . Since its degree is bounded 
by n — 2, its span (which contains V) can be at most P". 

Claim 2: y is a variety of pure dimension 2. 

If C is an irreducible curve in X^ , the variety it sweeps in does not 
have to be of pure dimension 2. It can be of pure dimension 1 or it can have a 
component of dimension 1 and a component of dimension 2. 

If a non-constant family in X^ sweeps a curve, then the curve is a line / 
and the conies are non- reduced conies whose set-theoretic support is I. Such a 
component sweeps a surface of degree 0. Since the degree of the surface swept 
by the conies in the class c?„ is non-zero, V must contain a surface component. 
Since the image of /i is connected if it contains a component of the type just 
described, the line I must lie on a surface component. 

If an irreducible curve of conies sweeps out a variety which has a dimension 
1 and a dimension 2 component, then the conies consist of the lines on a cone 
union a line I meeting the cone at its vertex. We refer to lines like I as needles. 
(Sec Figure El). 

If V does not have pure dimension 2, then it must contain a needle. Since the 
image of /i is connected, if the needle is not contained in a surface component, 
then every component of the image of /i must have the same line as a needle. A 
stable map onto such a curve cannot be in the class d„ . The class of a stable map 
which sweeps a rational cone of degree r with a needle k times is ~kr a + kr b. 
Hence, V has pure dimension 2. 

Claim 3: If n 3 (resp. 4), V is an irreducible surface of degree 3 (resp. 4). 
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Figure 8: Needles. 

Since meeting linear spaces in general position impose independent condi- 
tions, we can check this claim by a naive dimension count. V has degree at 
most n and spans at most P". 

When n — 3, the linear spaces impose 19 + 4{N — 3) conditions on V. If 

V has degree less than 3, then it is either a plane or a quadric surface, hence 

V has dimension at most 9 + 4(A^ — 3). We conclude that V has degree 3. 
This concludes the proof when n = 3 because any surface of degree 3 in is a 
specialization of smooth surfaces. The variety of singular cubic surfaces has 
codimension 1 in the space of cubic surfaces. If the linear spaces are general, the 
only cubic surfaces that satisfy all the incidences will be smooth surfaces. We 
conclude that the image of fi must contain a curve of conies on D^^ but then the 
image must coincide with it. Also observe that /i cannot have any contracted 
components, since otherwise V would have to meet A"* and A°j for some i,j 
along the same conic. Dimension considerations exclude this possibility. 

When n = 4, there are more cases to consider. It suffices to carry out the 
dimension counts when = 4. Since the dimension of cubic surfaces in P-* is 
bounded by 23, the degree of V must be 4. 

A surface swept by a connected curve in is connected in codimension 
1 by lines or conies except when it contains cones meeting only along their 
vertices. 

The dimension of four-tuples of planes in P^ or triples of a quadric surface 
and two planes in P^ is bounded by 25. Hence, if V is reducible, then it is either 
the union of two quadrics or the union of a cubic surface and a plane. If the 
quadrics share a common line or conic or if one of them is a cone, then their 
dimension is strictly less than 26. The choice of pairs of a plane and a cubic 
that spans P*^ is bounded by 24. If the cubic spans only P'^ and is ruled by lines, 
it is either the projection of a cubic scroll or a cone over an elliptic curve. In 
either case the dimension of the choice of pairs of such a cubic and a plane is 
bounded by 23 (§5.1). If the cubic is not ruled by lines, then it contains only 
a one parameter family of conies and the plane must meet it along a line or a 
conic. By §5.1 the dimension of these pairs is also strictly less than 26. We 
conclude that V is irreducible. 

Theorem 12.51 classifies irreducible quartic surfaces that span P^. The pro- 
jection of a scroll of degree 4 in P'"^ and of a Veronese surface have dimensions 
bounded by 23 and 16, respectively. The other possibilities are degenerations of 
I?4, hence have dimension strictly smaller than 26. Finally by the assumption 
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that - 3 - a,) > 4(iV - 3), no meets all the linear spaces A"'. We 

conclude that V must span P'*. This completes the proof that ^ is a smooth 
D4. The rest of the argument is identical to the previous case. □ 

Remark: When n = 4, can we remove the assumption on a^? Any counterex- 
ample must arise from an irreducible quartic surface in P^. Suppose we take a 
quartic surface in P^ with a double line. The dimension of such surfaces is 25. 
The conies that are residual to the double line I in the pencil of planes contain- 
ing it give us a curve C in X^. The class of C is 2a -f b, not d^. Suppose now 
we choose a more special quartic surface S so that C contains a non-reduced 
conic whose set theoretic support is a line m. Take the curve C" of non-reduced 
conies whose set theoretic supports are m, but whose planes rotate once about 
m in P'^. The union of C and C" now are in the class d^. The dimension of 
surfaces S in P'^ with the required property is 22. We conclude that Theorem 
16. 51 is the sharpest we can hope for when n — A. 

The table below gives examples of Gromov-Witten invariants oi we can 
calculate using Theorem l6.5l ProDOsition l6.3l and the degeneration method in §5. 
We use the short- hand Id„ {a\^ , • • • , a^*" ) to denote the Gromov-Witten invariant 
of X^ in the class dn incident to cycles of conies meeting linear spaces of 
dimension a^. 



iV = 3 /daCO^'J) = 27 


TV = 4 /d,(0^^) = 10 


N = 4 /<i,(0^1^^) = 27 


/d,(0^^1^)=40 


/,3(0^1^') = 972 


/d,(0^\l^) = 320 


" 7^3(0^1^'^) = 21303 


/d4(0'^l'^) = 3200 


iV = 5 /<i3(0^1^2^^) = 54 


/d4(0^1«) = 33280 


/<J3(0^1^2^^) = 1863 


N=5 /d4(0^1^2) 240 
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